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Thermomagnetoelectroelastic crack branching of magnetoelectro thermoelastic materials is theoretically
investigated based on Stroh formalism and continuous distribution of dislocation approach. The crack
face boundary condition is assumed to be fully thermally, electrically and magnetically impermeable.
Explicit Green’s functions for the interaction of a crack and a thermomagnetoelectroelastic dislocation
(i.e., a thermal dislocation, a mechanical dislocation, an electric dipole and a magnetic dipole located
at a same point) are presented. The problem is reduced to two sets of coupled singular integral equations
with the thermal dislocation and magnetoelectroelastic dislocation densities along the branched crack
line as the unknown variables. As a result, the formulations for the stress, electric displacement and mag-
netic induction intensity factors and energy release rate at the branched crack tip are expressed in terms
of the dislocation density functions and the branch angle. Numerical results are presented to study the
effect of applied thermal ﬂux, electric ﬁeld and magnetic ﬁeld on the crack propagation path by using
the maximum energy release rate criterion.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Nowadays, materials with coupling magnetic, electric and
mechanical effect have been found increasingly applications in
modern industries such as multilayer actuators, sensors, control-
ling devices, smart and intelligent structures, and biological de-
vices. These materials are often made in the form of composites
with a piezoelectric inclusions and piezomagnetic matrix phase
(Huang and Kuo, 1997; Kirchner and Alshits, 1996; Nan, 1994).
Most materials with magnetoelectric coupling are ceramics. They
can fail prematurely due to defects such as cracks arising in the
manufacturing process when subjected to thermal, mechanical,
electric and magnetic loads. There has been tremendous interest
in studying the fracture and failure behaviors of magnetoelectric
materials since the importance of the reliability of these devices.
Green’s functions for an inﬁnite two-dimensional anisotropic mag-
netoelectroelastic medium containing an elliptical cavity were
obtained by Liu et al. (2001). The magnetoelectroelastic problem
of a crack in a medium possessing coupled piezoelectric, piezo-
magnetic and magnetoelectric effects was considered by Wang
and Mai (2003). Green’s functions for a defect in an inﬁnite
magnetoelectroelatic solid induced by the thermal analog of a linetemperature discontinuity and a line heat source were derived in
closed form by Qin (2005). The different electromagnetic boundary
conditions on the crack-faces in magnetoelectroelastic materials
were discussed by Wang and Mai (2007). The problem of collinear
unequal crack series under mode I magneto-electro-mechanical
loadings was studied by Li and Lee (2010).
On the other hand, the phenomenon of crack branching is an
important aspect of piezoelectric, piezomagnetic and magnetoelec-
tric materials fracture mechanics. The direction of crack branching
can be one of the major factors in determining the residual
strength of the structural components. Park and Sun (1995) re-
ported that the crack propagation deviated from its original direc-
tion under the combined mechanical and electrical load in their
three-point bending test with an unsymmetrical crack in a PZT-4
specimen. The problems of crack branching in a piezoelectric solid
were investigated by continuous distribution of edge dislocation
and electric dipole method by Zhu and Yang (1999), Xu and
Rajapakse (2000). The problem of crack deﬂection in bimaterial
systems with various materials combinations was solved by Qin
and Zhang (2000). The effect of a transverse electric ﬁeld on crack
kinking in ferroelectric ceramics subjected to purely electrical load
was investigated by Jeong et al. (2008). Tian and Rajapakse (2008)
presented a theoretical model to determine the fracture parame-
ters of a ﬁnite impermeable crack with one or more branches in
a magnetoelectroelstic plane subjected to the remote mechanical,
electrical and magnetic loading.
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and thermomagnetoelectroelastic straight crack problem, very
few papers can be found on the thermoelastic, thermopiezoelectric
and thermomagnetoelectroelastic crack branching problems due to
the complicated coupling or interaction between thermal effects
and magnetoelectroelastic loading. A thermoelastic problem for
an inﬁnite plate with a kinked crack was analyzed by Hasebe
et al. (1986). The two-dimensional problem of curvilinear cracks
lying along the interface between dissimilar materials under re-
mote heat ﬂux was considered by Chao and Shen (1993). Crack
growth prediction of an inclined crack in a half-plane thermopiezo-
electric solid was studied by Qin and Mai (1997). Solutions to the
thermoelastic crack branching in general anisotropic media and
the thermoelastic interface crack branching in dissimilar aniso-
tropic bi-materials media were presented by Li and Kardomateas
(2005, 2006). Zhang and Wang (2013) studied thermopiezoelectric
crack branching of piezoelectric materials based on extended Stroh
formalism (Stroh, 1958) and continuous distribution of dislocation
approach. In the work of Qin and Mai (1997), the minimum strain
energy density criterion was used, i.e., fracture initiates from an
interior element located at a ﬁnite distance r0 from the crack front.
The direction of crack propagation is determined by the theory of
maximum energy release rate criterion in our previous work
(Zhang and Wang, 2013) and this paper, that is, the branching an-
gle at which makes the energy release rate attain its maximum
value.
The purpose of this paper is to present a theoretical model for
the evaluation of fracture mechanics parameters of a branched
crack in a thermomagnetoelectroelastic medium subjected to re-
mote thermal, mechanical, electric and magnetic loading. The plan
of the paper is as follows. In Section 2 we outline the basic theory
of extended Stroh formalism. In Section 3 a closed form solution is
obtained for the interaction between a crack and a thermomagne-
toelectroelastic dislocation. In Sections 4 and 5, the branched por-
tion of the crack is modeled by a continuous distribution of
thermal dislocation and magnetoelectroelastic dislocation tech-
nique, leading to two sets of coupled singular integral equations
in terms of unknown dislocation density functions. Some numeri-
cal results are presented in Section 6, and concluding remarks are
made in Section 7.
2. The Stroh formalism
Consider a linear magnetoelectroelastic material in which all
ﬁelds are assumed to depend only on the in-plane coordinates x1
and x2. The shorthand notation developed by Barnett and Lothe
(1975) based upon Stroh formalism (Stroh, 1958) is adopted in this
paper. Lower case Latin subscripts always range from 1 to 3, upper
case Latin subscripts will range from 1 to 5, and the summation
convention is used for repeating subscripts unless otherwise indi-
cated. In the stationary case when no free electric charge, electric
current, body force or heat source exists, the basic equations for
thermomagnetoelectroelastic materials can be written as (Mindlin,
1974; Qin, 2005)
hi;i ¼ 0; PiJ;i ¼ 0 ð1Þ
together with
hi ¼ kijT ;j; PiJ ¼ EiJKmuk;m  viJT ð2Þ
in which
PiJ ¼
rij;
Di;
Bi;
8><
>:
J 6 3
J ¼ 4
J ¼ 5
ð3ÞuK ¼
uk;
/;
u;
8><
>:
K 6 3
K ¼ 4
K ¼ 5
ð4Þ
viJ ¼
bij;
ci;
ti;
K 6 3
K ¼ 4
K ¼ 5
8><
>: ð5Þ
EiJKm ¼
cijkm; J; K 6 3
emij; J 6 3; K ¼ 4
hmij; J 6 3; K ¼ 5
eikm; J ¼ 4; K 6 3
jim; J ¼ 4; K ¼ 4
aim; J ¼ 4; K ¼ 5
hikm; J ¼ 5; K 6 3
aim; J ¼ 5; K ¼ 4
lim; J ¼ 5; K ¼ 5
8>>>>>>>>><
>>>>>>>>>:
ð6Þ
where T and hi are temperature change and thermal ﬂux, rij, Di and
Bi are elastic stress tensor, electric displacement vector and mag-
netic induction vector; ui, / and u are elastic displacement vector,
electric potential and magnetic potential; bij, ci and ti are thermal-
stress constants, pyroelectric coefﬁcients and pyromagnetic coefﬁ-
cients; kij is the thermal conductivity; cijkm, eijk, hijk, aij, jij and lij
are the elastic moduli, piezoelectric coefﬁcients, piezomagnetic
coefﬁcients, magnetoelectric coefﬁcients, dielectric constants and
magnetic permeability, respectively. The general solution to the
Eq. (1) can be written as (Qin, 2005)
T ¼ g0ðztÞ þ g0ðztÞ
u ¼ AfðzÞqþ cgðztÞ þ AfðzÞqþ cgðztÞ
ð7Þ
with A ¼ ½A1; A2; A3; A4;A5, fðzÞ ¼ diag½f ðz1Þ; f ðz2Þ; f ðz3Þ; f ðz4Þ;
f ðz5Þ, q ¼ ½q1; q2; q3; q4; q5T , zt ¼ x1 þ px2, zi ¼ x1 þ pix2, in
which the prime denotes differentiation with the argument, the
overbars denote complex conjugation, q is a constant vector to be
determined by the boundary conditions, g and f are arbitrary ana-
lytic function, p, pi, A and c are constants determined by
k11 þ 2k12p þ k22p2 ¼ 0
Q þ pi R þ RT
 
þ p2i T
h i
Ai ¼ 0
Q þ p R þ RT
 
þ p2T
h i
c ¼ v1 þ pv2
ð8Þ
in which superscript ‘‘T’’ denotes the transpose, vi, Q , R, and T are
deﬁned by
vi ¼ bi1; bi2; bi3; ci; ti½ T ; Q IK ¼ E1IK1; RIK ¼ E1IK2;
TIK ¼ E2IK2 ð9Þ
The thermal ﬂux, h, and stress, electric displacement and mag-
netic induction (SEDMI), PiJ , can be obtained from Eq. (2) as
hi ¼ ðki1 þ pki2Þg00ðztÞ  ðki1 þ pki2Þg00ðztÞ
P1J ¼ UJ;2; P2J ¼ UJ;1
ð10Þ
where U is the SEDMI function give as
U ¼ BfðzÞqþ dgðztÞ þ BfðzÞqþ dgðztÞ ð11Þ
with
B ¼ RTAþ TAP
P ¼ diag½p1; p2; p3; p4; p5
d ¼ RT þ pT
 
c v2
ð12Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k11k22  k212
q
and
h1 ¼ ikpg00ðztÞ  ikpg00ðztÞ
h2 ¼ ikg00ðztÞ þ ikg00ðztÞ
ð13Þ3. The general crack solution in magnetoelectric thermoelastic
medium
3.1. The temperature ﬁeld
Consider a generalized 2D magnetoelectric thermoelastic mate-
rial problem of a single crack of length 2a, as shown in Fig. 1. The
crack is assumed to be free of traction, external electric charge and
electric current. The remote loading system is composed of
thermal ﬂux h12 ðx1Þ, stresses r121ðx1Þ, r122ðx1Þ and r123ðx1Þ, electric
displacement D12 ðx1Þ and magnetic induction B12 ðx1Þ, i.e.,
h2 ¼ h12 ðx1Þ; t12 ¼ r121ðx1Þ; r122ðx1Þ; r123ðx1Þ; D12 ðx1Þ; B12 ðx1Þ
 T
ð14Þ
By the superposition principle, the crack surfaces boundary
conditions for this problem can be expressed as
h2ðx1;x2¼0þÞ¼h2ðx1;x2¼0Þ¼h12 ðx1Þ; a6 x16 a; x2¼0
P2Jðx1;x2¼0þÞ¼P2Jðx1;x2¼0Þ¼t12 ðx1Þ; a6 x16 a; x2¼0
h2¼0; P1J ¼P2J ¼0; at infinity
ð15Þ
where the superscript ‘‘ + ’’ and ‘‘’’ refer, respectively, to the upper
and lower main crack surfaces.
Substitution of Eq. (13)2 into Eq. (15)1 yields
 ikg00ðx1Þþ þ ikg00ðx1Þ ¼ h12 ðx1Þ; a 6 x1 6 a
 ikg00ðx1Þ þ ikg00ðx1Þþ ¼ h12 ðx1Þ; a 6 x1 6 a
ð16Þ
Leading to,
g00ðx1Þ þ g00ðx1Þ
 þ  g00ðx1Þ þ g00ðx1Þ  ¼ 0; a 6 x1 6 a
g00ðx1Þ  g00ðx1Þ
 þ þ g00ðx1Þ  g00ðx1Þ  ¼ 2h12 ðx1Þik ; a 6 x1 6 a
ð17Þ
Based on the Muskhelishvili (1975) theorem and the assump-
tion that g00ðzÞ vanishes at inﬁnity, the solution of boundary value
problem (17) can be obtained as
g00ðzÞ þ g00ðzÞ ¼ 0
g00ðzÞ  g00ðzÞ ¼ XðzÞ
2pi
Z a
a
Xðx1Þþ
x1  z
2h12 ðx1Þ
ik
dx1
ð18Þ
where
XðzÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p ð19Þ
Incorporating Eqs. (18)1,2 results in
g00ðzÞ ¼ XðzÞ
2pi
Z a
a
Xðx1Þþ
x1  z
ðiÞh12 ðx1Þ
k
dx1 ð20ÞFig. 1. A branched thermomagnetoelectroelastic crack.For constant thermal ﬂux, h12 ðx1Þ ¼ h12 , the above solution
becomes
g00ðztÞ ¼ h
1
2
2ik
1 ztﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
p
" #
ð21Þ
Integrating this equation leads to
g0ðztÞ ¼ h
1
2
2ik
zt 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
q 
ð22Þ
where a constant which plays no role in the sequel section was
omitted. The corresponding temperature ﬁeld is
Tðx1; x2Þ ¼ g0ðztÞ þ g0ðztÞ ¼ h
1
2
k
Im zt 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
q 
ð23Þ3.2. The magnetoelectroelastic ﬁelds
After temperature ﬁled T is determined according to the given
thermal ﬂux boundary conditions, all ﬁelds of stress, electric and
magnetic can be obtained from the boundary condition (15)2, we
have
Bf 0ðx1Þþ þBf 0ðx1Þ þdg0ðx1Þþ þdg0ðx1Þ ¼t12 ðx1Þ; a6 x16 a
Bf 0ðx1Þ þBf 0ðx1Þþ þdg0ðx1Þ þdg0ðx1Þþ ¼t12 ðx1Þ; a6 x16 a
ð24Þ
which leads to
Bf 0ðx1ÞBf 0ðx1Þþdg0ðx1Þdg0ðx1Þ
h iþ
 Bf 0ðx1ÞBf 0ðx1Þþdg0ðx1Þdg0ðx1Þ
h i
¼0
Bf 0ðx1ÞþBf 0ðx1Þþdg0ðx1Þþdg0ðx1Þ
h iþ
þ Bf 0ðx1ÞþBf 0ðx1Þþdg0ðx1Þþdg0ðx1Þ
h i
¼2t12 ðx1Þ ð25Þ
for a 6 x1 6 a. By the Liouville theorem (Rudin, 1987) we obtain
that
Bf 0ðzÞ  Bf 0ðzÞ þ dg0ðzÞ  dg0ðzÞ ¼ 0; for all z ð26Þ
Then, the following conditions hold
Bf 0ðx1Þþ þ dg0ðx1Þþ ¼ Bf 0ðx1Þþ þ dg0ðx1Þþ
Bf 0ðx1Þ þ dg0ðx1Þ ¼ Bf 0ðx1Þ þ dg0ðx1Þ
ð27Þ
By using of Eqs. (25)2 and (27) leads to
B f 0ðx1Þþþf 0ðx1Þ
 þd g0ðx1Þþþg0ðx1Þ ¼t12 ðx1Þ; a6x16a ð28Þ
Once the function g0ðzÞ is known, Eq. (28) can be solved since B
is non-singular. A solution which vanishes at inﬁnity can be
obtained
f 0ðzÞ ¼ XðzÞ
2pi
Z a
a
X1ðx1Þþ
x1  z pðx1Þdx1 ð29Þ
where
XðzaÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
* +
ð30Þ
pðx1Þ ¼ B1 t12 ðx1Þ þ d g0ðx1Þþ þ g0ðx1Þ
	 
 
; a 6 x1 6 a ð31Þ
If the applied thermal ﬂux, mechanical, electric and magnetic
loadings h12 ðx1Þ ¼ h12 , t12 ðx1Þ ¼ r121; r122; r123; D12 ; B12
 T are con-
stants, then the SEDMI potential can be obtained in closed form
f 0ðzaÞ ¼ 12 1
zaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
* +
B1t12 
h12
2ik
za  z
2
a  a2=2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
* +
B1d
ð32Þ
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4.1. The thermomagnetoelectroelastic Green’s function
Here, a new thermomagnetoelectroelstic Green’s function will
be derived based on the work of Sturia and Barber (1988). A cut
is assumed to be located at z ¼ z0ðx10; x20Þ along the plane
ðx1 < x10; x2 ¼ x20Þ and a constant temperature discontinuity T0
exists along this cut, i.e.,
T x1; x2 ¼ xþ20
	 
 T x1; x2 ¼ x20	 
 ¼ T0; x1  x10 < 0 ð33Þ
The solution of Eq. (33) has the following form
Tðx1; x2Þ ¼ T04pi lnðzt  z0tÞ  lnðzt  z0tÞ½ ; z0t ¼ x10 þ px20 ð34Þ
The thermal ﬂux and SEDMI ﬁelds induced by the temperature
discontinuity can be written, respectively, as
h2ðx1; x2Þ ¼  kT04p
1
zt  z0t þ
1
zt  z0t
 
ð35Þ
tt2ðx1; x2Þ ¼ ½r21; r22; r23; D2T ¼
T0
2p
Im½d lnðzt  z0tÞ ð36Þ
by using Eqs. (7)1, (13)2 and (34), where the superscript ‘‘t’’ denotes
the value induced by the temperature discontinuity. In particular,
on the x2 ¼ 0 plane we have
h2ðx1; 0Þ ¼  kT02p Re
1
x1  z0t
 
ð37Þ
tt2ðx1;0Þ ¼
T0
2p
Im½d lnðx1  z0tÞ ð38Þ4.2. Green’s function of a magnetoelectroelastic dislocation
The branched portion of the crack can be modeled by a contin-
uous distribution of mechanical dislocation, electric dipole and
magnetic dipole. Hereafter a mechanical dislocation, an electric di-
pole and a magnetic dipole located at the same point are termed
the magnetoelectroelastic dislocation. Let the cut be the same loca-
tion as the one in the formation of the thermal dislocation, the gen-
eralized displacement and SEDMI function can be expressed as
ud ¼ Ahlnðza  z0aÞiq0 þ A lnðza  z0aÞh iq0
Ud ¼ B lnðza  z0aÞh iq0 þ B lnðza  z0aÞh iq0
ð39Þ
where the superscript ‘‘d’’ denotes the value induced by the mag-
netoelectroelastic dislocation. By deﬁnition of the magnetoelectro-
elastic dislocation one has
udðpÞ  udðpÞ ¼ b; UdðpÞ UdðpÞ ¼ 0 ð40Þ
Solving for q0 from Eqs. (39) and (40), one ﬁnds
q0 ¼
1
2pi
BTb ð41Þ
where the following normalized orthogonality relation
BT AT
BT AT
" #
A A
B B
" #
¼ I 0
0 I
 
ð42Þ
is used.
Substituting Eq. (39)2 into Eq. (10)2, the SEDMI ﬁelds induced by
the edge magnetoelectroelastic dislocation located at z0 are of the
formtd2ðx1; x2Þ ¼
1
2pi
B
1
za  z0a
 
BTb 1
2pi
B
1
za  z0a
 
BTb ð43Þ
In particular, the SEDMI ﬁelds along the x1-axis are
td2ðx1;0Þ ¼
1
2pi
B
1
x1  z0a
 
BTb 1
2pi
B
1
x1  z0a
 
BTb ð44Þ4.3. A thermomagnetoelectroelastic dislocation interacting with a
crack
Substitution of Eq. (37) into Eq. (20) and using a contour inte-
gral technique (Muskhelishvili, 1975) yields
g00intðzÞ ¼
T0
4pi
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
ðz z0tÞ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
ðz z0tÞ
2
4
3
5
ð45Þ
Integration of the above equation gives
g0intðzÞ ¼
T0
4pi
Bðz; z0tÞ ð46Þ
with
Bðz; z0tÞ ¼ ln zþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
pj k
 1
2
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  a2
p
þ z0tz a
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q
2
64
3
75þ ln ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃz2  a2p þ z0tz a2
	 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q
2
64
3
75
8><
>:
9>=
>;
ð47Þ
where a constant which plays no role in the sequel section was
omitted.
Similarly, by substituting Eqs. (38), (44), and (46) into Eqs. (29)–
(31), the interaction SEDMI function vectors can be obtained as (Li
and Kardomateas, 2005)
f 0intðzaÞ ¼ 
T0
8pi
yðza; z0tÞB1d yðza; z0tÞB1d
h i
þ
X4
k¼1
Yðza; z0kÞBIkBT 
X4
k¼1
Yðza; z0kÞBIkBT
" #
b
þ T0
8pi
Fðza; z0tÞ þ Fðza; z0tÞ½ B1d ð48Þ
where
yðza; z0tÞ ¼ 1
za þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
2
4
3
5 lnðza  z0tÞ
* +
Yðza; z0kÞ
¼ 1
4pi
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p þ 1
za  z0k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20k  a2
z2a  a2
s
 1
za  z0k
* +
B1Fðza; z0tÞ
¼ yðza; z0tÞ  1 zaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
" #
ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q* +
ð49Þ5. Crack branching in magnetoelectric thermoelastic medium
5.1. Singular integral equations
The branched crack shown in Fig. 1 can be modeled by contin-
uous distribution of thermal dislocation with density T0ðnÞ and
magnetoelectroelastic dislocation with density bðnÞ along the
branch line, z ¼ aþ gz, z0 ¼ aþ nz, where z ¼ cos hþ p sin h
emanating from the main crack tip (Qin and Mai, 2000). If it is
1344 A.B. Zhang, B.L. Wang / International Journal of Solids and Structures 51 (2014) 1340–1349assumed that the branched crack surfaces are thermal insulated
and SEDMI free, a system of singular integral equations for the
dislocation density T0ðnÞ and bðnÞ can be derived as
k
2p
Z c
0
T0ðnÞ
g n dnþ
k
4p
Z c
0
Ktðg; nÞT0ðnÞdnþ Q1t ðgÞ ¼ 0 ð50Þ
where
Ktðg; nÞ ¼ Re zt
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
p þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
p
ðzt  z0tÞ
 1
2ðzt  z0tÞ
2
4
8<
:
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z20t  a2
q
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
p
ðzt  z0tÞ
 1
2ðzt  z0tÞ
3
5
9=
; Q1t ðg; nÞ
¼ h12 Re zt 1
ztﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
p
" #( )
zt ¼ cos hþ p sin h ð51Þ
and
L
2p
Z c
0
bðnÞ
g ndnþ
Z c
0
Kbðg;nÞbðnÞdnþ
Z c
0
Kbtðg;nÞT0ðnÞdnþQ1bt ðgÞ
þQ1b ðgÞ ¼ 0 ð52Þ
where
L ¼ 2iBBT
Kbðg; nÞ ¼ 2Re Bhzai
X4
k¼1
Yðza; z0kÞBIkBT 
X4
k¼1
Yðza; z0kÞBIkBT
" #( )
Kbtðg; nÞ ¼ Re  14piB z

a
 
yðza; z0tÞB1d yðza; z0tÞB1d
h i 
þ Re 1
4pi
B za
 
Fðza; z0tÞ þ Fðza; z0tÞ½ B1d
 
þ Re 1
2pi
dzt Bðzt ; z0tÞ
 
þ 1
p
Im dzt lnðzt  z0tÞ
 
Q1bt ðg; nÞ ¼
h12
k
Im dzt zt 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2t  a2
q  
Q1b ðg; nÞ ¼ Re B za 1
zaﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
" #* +
B1t12
(
h
1
2
ik
B za za 
z2a  a2=2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2a  a2
p
" #* +
B1d
)
za ¼ cos hþ pa sin h ð53Þ
where ‘‘Re’’ and ‘‘Im’’ strand for the real part and imaginary part of a
complex number, respectively.
In order to simplify the numerical calculation, the integral inter-
val [0,c] is normalized by deﬁning
x ¼ 2g c
c
; t ¼ 2n c
c
ð54Þ
where jxj < 1 and jtj < 1. The integral Eqs. (50) and (52) would then
becomes
k
2p
Z 1
1
T0ðtÞ
x t dt þ
kc
8p
Z 1
1
~Ktðx; tÞT0ðtÞdt þ ~Q1t ðxÞ ¼ 0 ð55Þ
L
2p
Z 1
1
bðtÞ
x t dt þ
c
2
Z 1
1
~Kbðx; tÞbðtÞdt þ c2
Z 1
1
~Kbtðx; tÞT0ðtÞdt
þ ~Q1bt ðxÞ þ ~Q1b ðxÞ ¼ 0 ð56Þwhere ~Ktðx; tÞ, ~Kbðx; tÞ, ~Kbtðx; tÞ, ~Q1t ðxÞ, ~Q1bt ðxÞ and ~Q1b ðxÞ are ob-
tained by substituting Eqs. (54) into (51) and (53), respectively.
Both the integral Eqs. (55) and (56) can be solved numerically
using a method developed by Erdogan and Gupta (1972). Accord-
ingly, we write the unknown density functions, T0ðtÞ and bðtÞ in
the Eqs. (55) and (56) in the form:
T0ðtÞ ¼
~T0ðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ¼
Pn1
j¼0
~T0jTjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ; bðtÞ ¼
~bðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ¼
Pn1
j¼0
~bjTjðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p
ð57Þ
where ~T0ðtÞ and ~bðtÞ are regular functions deﬁned in the interval
jtj < 1, TjðtÞ is the Chebyshev polynomials, and the coefﬁcients ~T0j
and ~bj are constants as yet to be determined. It is noted that the sin-
gularity at the branch root is not 1/2 and considered to be no lar-
ger than 1/2 based on the singularity analysis (Bogy, 1971; Keer and
Miller, 1982; Li and Kardomateas, 2005). But in order to facilitate
the solution procedure, the square-root singularity is assumed,
and (Qin and Mai, 2000)
~T0ð1Þ ¼ 0 and ~bð1Þ ¼ 0 ð58Þ
The application of Eq. (57) to Eqs. (55) and (56) yields:
Xn
m¼1
k
n
1
2ðxr  tmÞ 
c
8
~Ktðxr; tmÞ
 
~T0ðtmÞ þ ~Q1t ðxrÞ ¼ 0 ð59Þ
Xn
m¼1
1
2n
L
xr  tm þ pc
~Kbðxr; tmÞ
 
~bðtmÞ þ c2
Z 1
1
~Kbtðxr; tÞT0ðtÞdt
þ ~Q1bt ðxrÞ þ ~Q1b ðxrÞ ¼ 0 ð60Þ
where
tm ¼ cos ð2m 1Þp2n
 
; ðm ¼ 1;2; . . . ;nÞ
xr ¼ cos rpn
h i
; ðr ¼ 1;2; . . . ;n 1Þ
ð61Þ
Eqs. (58)1 and (59) provide a system of n linear algebraic equa-
tions to determine T0ðtÞ. Once the function T0ðtÞ has been found,
one can move to solve Eqs. (58)2 and (60), and the dislocation den-
sity ~bðtÞ can be solved uniquely. The SEDMI, P2ðxÞ, in a coordinate
system local to the crack branch line can be expressed as
P2ðxÞ ¼ XðhÞ L2p
Z 1
1
bðtÞ
x t dt þ
c
2
Z 1
1
~Kbðx; tÞbðtÞdt

þ c
4p
Z 1
1
~Kbtðx; tÞT0ðtÞdt þ ~Q1bt ðxÞ þ ~Q1b ðxÞ

ð62Þ
where the 5 5 matrix XðhÞ whose components are the cosine of
the angle between the local coordinates and the global coordinates
is
XðhÞ ¼
cos h sin h 0 0 0
 sin h cos h 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
2
6666664
3
7777775
ð63Þ5.2. The SEDMI intensity factors and energy release rate
The SEDMI intensity factors at the right tip of the branched
crack are of interest and can be numerically calculated as
K ¼ KII KI KIII KD KM½ T ¼ lim
x!1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pcðx 1Þ
p
P2ðxÞ ¼
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pc
8
r
XðhÞL~bð1Þ
ð64Þ
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1
p
Z 1
1
1
x t
TiðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p ds ¼ jxj
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1
p x jxj
x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1
p i
;
jxj > 1; i ¼ 0;1;2; . . . ð65Þ
is used. Moreover, the energy release rate of the crack branch can be
obtained by using the following expression (Wang and Mai, 2003)
G ¼ 1
2
KTL1K ð66Þ6. Numerical results and discussion
In this Section, the inﬂuence of thermal conductivity, electric
ﬁeld and magnetic ﬁeld on the crack branching in the magneto-
electroelastic medium is investigated. The magnetoelectroelastic
composite material is made of piezoelectric and magnetostrictive
phases. The material properties of piezoelectric ceramic BaTiO3
and those of piezoemagnetic crystalline CoFe2O4 are chosen for
the following numerical analysis, and the material constants are
taken as for BaTiO3 (Ootao and Tanigawa, 2005),
Elastic constants:
c11 ¼ 166 GPa; c12 ¼ 77 GPa; c13 ¼ 78 GPa;
c33 ¼ 162 GPa; c44 ¼ 43 GPa
Piezoelectric constants:
e31 ¼ 4:4 C=m2; e33 ¼ 18:6 C=m2; e15 ¼ 11:6 C=m2
Dielectric constants:
j11 ¼ 112 1010 C2=Nm2; j33 ¼ 126 1010 C2=Nm2
Magnetic permeability:
l11 ¼ 5 106 Ns2=C2; l33 ¼ 10 106 Ns2=C2
Heat conduction constants:
k11 ¼ 2:5 W=km; k33 ¼ 2:5 W=km; k13 ¼ 0
Thermal expansion coefﬁcient:
a11 ¼ 15:7 106 1=K; a33 ¼ 6:4 106 1=K
Pyroelectric constants:
c3 ¼ 2:4 104 C=km2
and for CoFe2O4 (Ootao and Tanigawa, 2005),
Elastic constants:
c11 ¼ 286 GPa; c12 ¼ 173 GPa; c13 ¼ 170:5 GPa;
c33 ¼ 269:5 GPa; c44 ¼ 45:3 GPa
Piezomagnetic constants:
h31 ¼ 580:3 N=Am; h33 ¼ 699:7 N=Am; h15 ¼ 550 N=Am
Dielectric constants:
j11 ¼ 0:8 1010 C2=Nm2; j33 ¼ 0:93 1010 C2=Nm2
Magnetic permeability:
l11 ¼ 590 106 Ns2=C2; l33 ¼ 157 106 Ns2=C2
Heat conduction constants:
k11 ¼ 3:2 W=km; k33 ¼ 3:2 W=km; k13 ¼ 0
Thermal expansion coefﬁcient:
a11 ¼ 10 106 1=K; a33 ¼ 10 106 1=Kand all the absent material constants equal to zero. Since the values
of the coefﬁcient of heat conduction both for BaTiO3 and CoFe2O4
could not be found in the literature, the values are assumed.
The material properties of the thermomagnetoelectroelastic
composite are estimated using the simple rule of mixture accord-
ing the volume fractions (Sih and Chen, 2003). Denoting for the
composite the volume fraction of CoFe2O4 as x, and that of BaTiO3
as 1  x, and we have
Mc ¼ MEð1 xÞ þMMx ð67Þ
where M represents an arbitrary material constant, and the sub-
scripts C, E and M indicated the composite, piezoelectric phase
and piezomagnetic phase, respectively.
The inﬂuence of the applied thermal, electric and magnetic
ﬁelds on the crack branching problem of magnetoelectric thermo-
elastic medium is investigated in this section. The ratio of BaTiO3 to
CoFe2O4 is roughly 0.5:0.5, and a thermal-stress coefﬁcient a is
deﬁned as
a ¼ h
1
2 ab33
k33r122
ð68Þ
The convergence of the numerical integration is ﬁrst checked
and the results are listed in Table 1. Stresses intensity factors at
the branch tip K I=K0 and K II=K0 (K0 ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
) with the different
branched lengths a/c are considered for the given thermoelastic
loads. From Table 1, we can see that the convergence of this meth-
od is very satisfactory. The number of nodes, n = 100, is used in all
the computations. The accuracy of the present scheme is also ver-
iﬁed by comparison with the numerical results for a branched
crack in magnetoelectroelastic material reported by Tian and
Rajapakse (2008). Let a ¼ 0 and a/c = 106, Fig. 2 compares the
branch tip normalized stress intensity factors K I=K0
(K0 ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
) computed from the present scheme with corre-
sponding results given by Tian and Rajapakse (2008). The cases
of a pure tensile load, a combined tensile and electric displacement
load and a combined tensile and magnetic induction load are con-
sidered, respectively. Very good agreement is observed from Fig. 2.
Figs. 3–6 show that the numerical results for branched crack tip
normalized SEDMI intensity factors K I=K0, K II=K0, KD=K0 and KM=K0
(K0 ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
) with the different branched lengths for the
given thermomagnetoelectroelastic loads. The angles of the
branch are chosen to be p/6 and p/4, the applied electric
displacement D12 ¼ 0:01 C=m2, the applied magnetic induction
B12 ¼ 0:1 N=ðAmÞ and a ¼ 0:1. It can be found that the effect of
both electric and magnetic loading is to reduce the mode I stress
intensity factor for a branch with h– 0 from the Fig. 3. But for
the mode II stress intensity factor, the effect of both electric and
magnetic loading is to increase it when the ratio of the main crack
length to the branch length is larger than 10 as shown in Fig. 4. It is
also can be shown that the SEDMI intensity factors at the tip of a
vanishingly small branch become independent of the small length c
from Figs. 3–6. The similar behaviors earlier for elastic anisotropic
materials, piezoelectric materials, magnetoelectroelastic materials
and thermopiezoelectric materials were observed by Azhdari and
Hemat-Nasser (1996), Zhu and Yang (1999), Tian and Rajapakse
(2008) and Zhang and Wang (2013), respectively. Here, the loga-
rithmic coordinates is used for x1-axis, i.e., the value of a=c is vary-
ing from 1 to 106. In the following numerical calculations, a
thermomagnetoelectricelastic crack with an ‘‘inﬁnitesimal’’ branch
length, a/c = 106 is assumed.
Figs. 7 shows that the variation of the branch tip mode I stress
intensity factor K I=K0 (K0 ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
) of a main crack with branch
angle h under pure remote tension, thermal ﬂux, electric displace-
ment and magnetic induction loadings. It can be seen that the
maximum value of mode I stress intensity factor occurs when
Table 1
Convergence of branch tip stresses intensity factors in magnetoelectric thermoelastic material. (D12 ¼ 0, B12 ¼ 0 and a ¼ 0:1).
a/c Stresses intensity
factors
Crack branch
direction h
Number of integration points n
20 40 60 80 100 150 200
103 KI/K0 p/6 0.9481 0.9499 0.9504 0.9506 0.9507 0.9508 0.9508
p/4 0.8688 0.8715 0.8722 0.8725 0.8727 0.8729 0.8729
KII/K0 p/6 0.1774 0.1766 0.1764 0.1763 0.1762 0.1762 0.1762
p/4 0.2826 0.2821 0.2819 0.2819 0.2818 0.2818 0.2818
106 KI/K0 p/6 0.9629 0.9645 0.9650 0.9651 0.9652 0.9653 0.9653
p/4 0.8852 0.8876 0.8882 0.8885 0.8887 0.8889 0.8889
KII/K0 p/6 0.1759 0.1752 0.1750 0.1750 0.1749 0.1749 0.1748
p/4 0.2806 0.2802 0.2800 0.2800 0.2800 0.2800 0.2800
Fig. 2. Comparison of stress intensity factors of a branch tip in a magnetoelectro-
elastic material.
Fig. 3. Variation of branch tip KI with branch length a/c.
Fig. 4. Variation of branch tip KII with branch length a/c.
Fig. 5. Variation of branch tip KD with branch length a/c.
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ﬂux, i.e., in the direction of crack line, irrespective of the magnitude
of electric or magnetic loading. The agreement between present re-
sults and those reported by Tian and Rajapakse (2008) is very good.
However, crack branching will occur in thermomagnetoelectro-
elastic materials under a thermal loading. The maximum value of
mode I stress intensity factors are achieved at the angle of
30:5, 12:5 and 27 for the cases of no magnetoelectric load-
ing, electric displacement D12 ¼ 0:01 C=m2 and magnetic induction
B12 ¼ 0:1 N=ðAmÞ when the thermal-stress coefﬁcient a ¼ 0:1 and
the remote tension r122 ¼ 1 MPa are applied. Furthermore, onecan observe that both the branch tip mode I stress intensity factor
and the branching angle will decrease with the rise of applied po-
sitive electric ﬁeld and magnetic ﬁeld from Fig. 7. The mode II
stress intensity factors at branch tip under different combined
loading are plotted in Fig. 8. It can be seen that the values of
K II=K0 under thermal ﬂux loading are larger than those without
thermal loading.
A distinct feature of the present class of materials is the cou-
pling between thermal, mechanical, electric and magnetic ﬁelds.
Therefore, Figs. 9 and 10 show the normalized electric displace-
ment intensity factor KD=K0 and magnetic induction intensity
Fig. 6. Variation of branch tip KM with branch length a/c.
Fig. 7. Variation of branch tip KI with branch angle h.
Fig. 8. Variation of branch tip KII with branch angle h.
Fig. 9. Variation of branch tip KD with branch angle h.
Fig. 10. Variation of branch tip KM with branch angle h.
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a crack with an inﬁnitesimal branch. Note that both KD=K0 and
KM=K0 no longer attain their maximum values at branch angle
h ¼ 0 due to the pyroelectric effect and pyromagnetic effect when
the thermal loading is applied. From Figs. 9 and 10, it is shown that
the electric and magnetic intensiﬁcation occurs at a crack tip only
after the occurrence of a branch.
Different criteria have been proposed to predict the direction of
crack branching. Commonly used fracture criteria, such as branch-
ing along the direction of the maximum K I, the zero K II (Cotterell
and Rice, 1980), the maximum hoop stress (Azhdari and
Hemat-Nasser, 1996; Xu and Rajapakse, 2000) and the maximum
energy release rate (Li and Kardomateas, 2005), lead to similar
prediction of crack propagation path for a crack in an isotropic
material. However, for anisotropic materials, piezoelectric materi-
als and magnetoelectric materials, it is found that the intensity fac-
tors based criterion, in some cases, does not yield the same result
as the one obtained by an energy based criterion (see Pak (1992)
and Zhang et al. (1998)). For the magnetoelectric thermoelastic
materials crack branching problem, the energy release rate criteria
should be used. Fig. 11 shows the numerical results of energy re-
lease rate G/Gi vs. branch angle h under different magnetoelectric
loading, where Gi is the energy release rate without branching of
the corresponding case. In Fig. 12 the results are presented for
the values of h vs. the thermal-stress coefﬁcient a. From Figs. 7
and 12, it can be seen that the crack will propagate in a straight lineunder a tensile stress and a positive electric displacement or a po-
sitive magnetic induction. The inﬂuence of magnetoelectric ﬁelds
on the critical branch angle is also studied when thermal ﬂux is ap-
plied from Figs. 11 and 12. Generally, the critical branch angle h
will increase with increasing positive value of D12 and decrease
Fig. 11. Variation of energy release rate G/Gi with branch angle h.
Fig. 12. Variation of crack branch direction h with thermal-stress coefﬁcient a.
Fig. 13. Variation of branch tip KI with branch angle h for thermopiezomagnetic
material.
Fig. 14. Variation of branch tip KII with branch angle h for thermopiezomagnetic
material.
Fig. 15. Variation of branch tip KM with branch angle h for thermopiezomagnetic
material.
Fig. 16. Variation of crack branch direction h with thermal-stress coefﬁcient a for
thermopiezomagnetic material.
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its maximum value with a corresponding branching angle h ¼
29:5 when no magnetoelectric loadings are applied and a ¼
0:1. When a ¼ 0:1, D12 ¼ 0:003 C=m2 and B12 ¼ 0, the G/Gi attains
its maximum value with a corresponding branching angle h ¼
38. In the case of a ¼ 0:1, B12 ¼ 0:3 N=ðAmÞ and D12 ¼ 0, the G/
Gi attains its maximum value with a corresponding branching an-
gle h ¼ 25. The highest value of G/Gi under remote thermal ﬂux
loading a ¼ 0:1, magnetoelectric loadings B12 ¼ 0:3 N=ðAmÞ and
D12 ¼ 0:003 C=m2 occurs when crack growth direction h is equal
to 36:5.
In the following numerical calculations, the volume fraction of
CoFe2O4 is taken as x = 1, i.e., the composite is purely thermopiezo-
magnetic material. The results for the normalized branch tip
mode-I intensity factor KI=K0, mode-II intensity factor KII=K0, and
magnetic induction intensity factors KM=K0 vary with the different
crack branch angle h, as shown in Figs. 13–15. The results are pre-
sented for crack branching direction h vs. thermal-stress coefﬁcient
a in Fig. 16. The same conclusions can be obtained as the foregoing
analysis for thermopiemagnetic material CoFe2O4. From the Fig. 16,
it is clear that the critical branch angle h decrease with the increas-
ing value of B12 . The applied magnetic loading B
1
2 is less able to
inﬂuence the crack branch angle h as the thermal-stress coefﬁcient
a increases.7. Conclusion
Solutions are presented for an electrically and magnetically
impermeable crack branching out of the crack plane in a magneto-
electric thermoelastic medium under thermo-electro-magneto-
mechanical loads in this paper. The problem admits an approach
based on the extended Stroh formalism and continuous distribu-
tion of dislocation technique. A closed form solution to the interac-
tion between a thermomagnetoelectroelastic dislocation and a
crack is also presented. The problem is expressed in terms of cou-
pled singular integral equations for the thermomagnetoelectro-
elastic dislocation density functions associated with a branched
crack. Some essential fracture mechanics parameters, such as
stress, electric displacement and magnetic induction intensity fac-
tors, and energy release rate at the branched crack tip are obtained.
Numerical results show that the crack tends to propagate in a
straight line under a pure tension, a magnetic ﬁeld and an electric
ﬁeld. The analysis also indicates that the critical branch angle
increases with increasing value of electric displacement, and
decreases with the increasing value of magnetic induction when
thermal ﬂux load is applied.
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